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Abstract
An L(2; 1)-labeling of graph G is an integer labeling of the vertices in V (G) such that adjacent
vertices receive labels which di2er by at least two, and vertices which are distance two apart
receive labels which di2er by at least one. The -number of G is the minimum span taken
over all L(2; 1)-labelings of G. In this paper, we consider the -numbers of generalized Petersen
graphs. By introducing the notion of a matched sum of graphs, we show that the -number of
every generalized Petersen graph is bounded from above by 9. We then show that this bound
can be improved to 8 for all generalized Petersen graphs with vertex order ¿12, and, with the
exception of the Petersen graph itself, improved to 7 otherwise.
c© 2002 Elsevier Science B.V. All rights reserved.
Keywords: 3-regular graphs; Generalized Petersen graph; L(2; 1)-labeling; -number
1. Introduction
Let G be a simple graph. An L(2; 1)-labeling of G is a mapping L from V (G)
into the integers such that |L(v2) − L(v1)|¿2 if v1 and v2 are adjacent in G and
|L(v2)− L(v1)|¿1 if v1 and v2 are distance two apart in G. Elements of the image of
L are called labels, and the span of L is the di2erence between the largest and smallest
labels. The minimum span taken over all L(2; 1)-labelings of G, denoted (G), is called
the -number of G. And, if L is a labeling with minimum span, then L is called a
-labeling of G. Unless otherwise stated, we shall assume with no loss of generality
that the minimum label of L(2; 1)-labelings of G is 0.
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As a variation of Hale’s channel assignment problem [10], the problem of labeling
a graph with a condition at distance two was Grst investigated by Griggs and Yeh [9].
In addition to obtaining bounds on the -numbers of graphs in such classes as trees and
n-cubes, they considered the relationship between (G) and invariants 	(G); 
(G) and
|V (G)|. They showed that (G)6
2(G)+2
(G) and conjectured that (G)6
2(G) for

(G)¿2. In [3], Chang and Kuo improved the bound of Griggs and Yeh to 
2(G) +

(G). Other authors (see [6,11–14]) have considered various aspects or variations
of the L(2; 1)-labeling problem. Georges et al. [8] related (G) to the path-covering
number of Gc, showing that (G)6|V (G)| − 1 if and only if Gc has a Hamilton path.
(This result was also obtained independently by Chang and Kuo [3].)
In this paper, we deGne a matched sum of graphs, and obtain bounds on its -
number. We apply these results to a special class of matched sums, the generalized
Petersen graphs, and show that these 3-regular graphs have -numbers which are at
most 9, consistent with the conjecture of Griggs and Yeh. We next show that, excluding
the Petersen graph PG, the -number of any generalized Petersen graph G is at most
7 if |V (G)|612, and at most 8 otherwise. We conjecture that not only are there no
generalized Petersen graphs with -number 8, but also that there are no 3-regular graphs
with -number 8.
2. Main results
In this section we present the main results of the paper, beginning with
Denition 2.1. Let G1 and G2 be graphs and let M be a matching between V (G1)
and V (G2). Then the M -matched sum (or simply the M -sum) of G1 and G2, denoted
G1M+G2, is the graph with V (G1M+G2)=V (G1)∪V (G2) and E(G1M+G2)=E(G1)∪
E(G2)∪M .
We note that G1M+G2 is a subgraph of G1∨G2 (the join of G1 and G2) and that
G1M+G2=G1 + G2 if M=.
Theorem 2.2. Let G1 and G2 be graphs. Then (G1M+G2)6(G1) + (G2) + 2 for
all matchings M .
Proof. It suMces to produce an L(2; 1)-labeling of G1M+G2 with span (G1) + (G2)
+ 2. Let L1 be a -labeling of G1 and L2 be a -labeling of G2. We deGne a labeling
L of G1M+G2 as follows:
L(v)=
{
L1(v) if v∈V (G1);
L2(v) + (G1) + 2 if v∈V (G2):
Then L is an L(2; 1)-labeling since (1) for i=1; 2, the restriction of L to V (Gi) is an
L(2; 1)-labeling, and (2) the label of any vertex in V (G1) di2ers from the label of any
vertex in V (G2) by at least 2.
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With a condition on the -numbers of G1 and G2 relative to 
(G1) and 
(G2), we
may improve the upper bound in Theorem 2.2. This condition is a mild one, and arises
from the following result cited in [9]: if G has a vertex of degree 
 adjacent to two
other vertices of degree 
, then (G)¿
 + 2. This result implies that for k¿2, all
k-regular graphs have -numbers at least k + 2.
Theorem 2.3. Let G1 and G2 be graphs such that (Gi)¿
(Gi)+2 for some i. Then
(G1M+G2)6(G1) + (G2) + 1 for all matchings M .
Proof. Without loss of generality, we assume (G1)¿
(G1)+2. It suMces to produce
an L(2; 1)-labeling of G1M+G2 with span (G1) + (G2) + 1. For i=1; 2, let Li be
a -labeling of Gi. We consider the labeling L (not necessarily an L(2; 1)-labeling)
deGned as follows:
L(v)=
{
L1(v) if v∈V (G1);
L2(v) + (G1) + 1 if v∈V (G2):
If L is an L(2; 1)-labeling, then we are done. Otherwise, L fails to be an L(2; 1)-labeling
solely because there exists a non-empty subset M ′ of M such that M ′={{g1; g2}|L(g1)
= (G1) and L(g2)=(G1) + 1}. For each {g1; g2}∈M ′, let N (g1) be the set of labels
assigned by L to the neighbors of g1 in G1 and let W (g1)={0; 1; 2; : : : ; (G1)− 2} −
N (g1). Since (G1)¿
(G1)+2, |W (g1)|=(G1)−1−dG(g1)¿
(G1)+2−1−
(G1)=1,
implying that W (g1) is not empty. Thus we can form a new labeling L′ by relabeling
each g2 with a label from W (g1). Since any two relabeled vertices have equal labels
under L and hence equal labels under L2, those vertices are at least three apart. Thus
L′ is easily seen to be an L(2; 1)-labeling with span (G1) + (G2) + 1.
Corollary 2.4. If G is a k-regular graph for k¿1, then (GM+G)62(G) + 1 for
all matchings M .
Proof. If k=1, then (G)=2. Thus GM+G is a graph with maximum degree of
at most two, implying (GM+G)64¡2(G)+1. If k¿2, then from the discussion
immediately preceding Theorem 2.3, (G)¿k + 2, and hence the result follows from
Theorem 2.3.
We now turn our attention to a special class of 3-regular graphs known as generalized
Petersen graphs (see [2,4]). We note that our characterization of this class is more
broadly construed than in the referenced works.
Denition 2.5. For n¿3, a 3-regular graph G of order 2n is called a generalized
Petersen graph of order n if and only if G consists of two disjoint n-cycles, called
inner and outer cycles, such that each vertex on the outer cycle is adjacent to a
(necessarily unique) vertex on the inner cycle. The inner and outer cycles shall be
denoted by (v0; v1; v2; : : : ; vn−1) and (w0; w1; w2; : : : ; wn−1), respectively, and an edge
which joins a vertex on the outer cycle to a vertex on the inner cycle shall be called a
spoke. We denote the collection of generalized Petersen graphs of order n by GPG(n).
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Fig. 1. The two graphs in GPG(4).
The two graphs in GPG(4) are illustrated in Fig. 1.
It is clear that the Petersen graph PG is a member of GPG(5), and that each element
of GPG(n) is an M -sum of two n-cycles, where M is a perfect matching. Thus, since
(Cn)=4 for n¿3, it follows from Corollary 2.4 that (G)69 for all G in GPG(n).
We point out that this upper bound is consistent with the 
2 conjecture of Griggs and
Yeh in the case 
=3.
For n¿3, the n-prism Pr(n) is deGned by the generalized Petersen graph K2×Cn.
The 4-prism is given in Fig. 1a, and in [7], we prove the following.
Theorem 2.6. For n¿3,
(Pr(n))=
{
5 if n=3k for some k;
6 otherwise:
In what follows, we shall obtain an improved upper bound on the -number of
generalized Petersen graphs.
Lemma 2.7. For k¿1 and G∈GPG(3k), we have (G)68.
Proof. We Grst produce a labeling L (not necessarily an L(2; 1)-labeling) by labeling
the vertices on the outer cycle in order of ascending subscripts according to the re-
peating pattern of 1, 3, 5. (That is, L(wi)=2j + 1 where j≡ imod 3.) Similarly, we
label the vertices on the inner cycle in order of ascending subscripts according to the
repeating pattern of 0, 8, 6. If L is an L(2; 1)-labeling, we are done. Otherwise, un-
der L, there exists a maximal non-empty collection X of vertices with label 0, each
of which is adjacent to a vertex with label 1, or there exists a maximal non-empty
collection Y of vertices with label 6, each of which is adjacent to a vertex with label
5. We form an L(2; 1)-labeling by changing the label of each vertex in X from 0 to
4, and changing the label of each vertex in Y from 6 to 2.
Lemma 2.8. For k¿1 and G∈GPG(3k + 1), (G)68.
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Proof. We modify the strategy in the proof of Lemma 2.7 by Grst establishing a
labeling L (not necessarily an L(2; 1)-labeling) such that L(w0)=7 and the remain-
ing 3k vertices on the outer cycle are assigned labels in the repeating pattern of
1, 3, 5 in ascending order of the vertex subscripts. Without loss of generality, let
v0 be adjacent to w0, and let L(v0)=2. We label the unlabeled vertices on the in-
ner cycle according to the repeating pattern 0, 8, 6 in ascending order of the vertex
subscripts, noting that v3k is the only vertex labeled 6 under L within distance two
of v0.
The vertex v3k is either adjacent to a vertex with label 5 or it is not. If it is, then by
permuting the labels 1, 3, 5 on the outer cycle, we may produce a labeling L′ under
which v3k is not adjacent to a vertex labeled 5.
It is now possible to produce an L(2; 1)-labeling of G from L′ as follows: each
vertex labeled 6 which is adjacent to a vertex labeled 5 under L′ shall be relabeled 2,
and each vertex labeled 0 which is adjacent to a vertex labeled 1 under L′ shall be
relabeled 4.
Lemma 2.9. For k¿2 and G∈GPG(3k + 2), (G)68.
Proof. We modify the strategy in the proof of Lemma 2.8 by Grst establishing a
labeling L (not necessarily an L(2; 1)-labeling) such that L(w0)=L(w4)=7 and the
remaining 3k vertices on the outer cycle are assigned labels in the repeating pattern
of 1, 3, 5 in ascending order of the vertex subscripts. Without loss of generality,
we let v0 be adjacent to w0, and w4 be adjacent to vj for some j. Let L(v0)=2
and L(vj)=4. We label the remaining 3k vertices on the inner cycle using elements
of {0; 8; 6} in such a way that exactly one vertex on the inner cycle labeled 6 is
within distance two of v0, and exactly one vertex on the inner cycle labeled 0 is
within two of vj, as follows: begin by labeling the unlabeled vertices on the inner
cycle according to the repeating pattern 0, 8, 6 in ascending order of the subscripts
of the as yet unlabeled vertices. Then exactly one vertex on the inner cycle labeled
6 is within distance two of v0. If there is exactly one vertex on the inner cycle la-
beled 0 within distance two of vj, then L is established. Otherwise, there exist ex-
actly two vertices on the inner cycle labeled 0 within distance two of vj, and hence
there exists exactly one vertex on the inner cycle within distance two of vj labeled 8.
By changing the repeating pattern from 0, 8, 6 to 8, 0, 6, we produce the desired
labeling L.
The unique vertex v∗ with label 6 within distance two of v0 is either adjacent to
a vertex on the outer cycle with label 5 or it is not. Similarly, the unique vertex v∗∗
with label 0 within distance two of vj is either adjacent to a vertex on the outer cycle
with label 1 or it is not. By permuting the labels 1, 3, 5 on the outer cycle, we may
produce a labeling L′ in which v∗ is not adjacent to a vertex labeled 5 and v∗∗ is not
adjacent to a vertex with label 1.
We now produce an L(2; 1)-labeling of G from L′ as follows: each vertex la-
beled 6 which is adjacent to a vertex labeled 5 under L′ shall be relabeled 2, and
each vertex labeled 0 which is adjacent to a vertex labeled 1 under L′ shall be re-
labeled 4.
316 J.P. Georges, D.W. Mauro /Discrete Mathematics 259 (2002) 311–318
Fig. 2. The four graphs in GPG(5), along with labelings (c,d).
Noting that for n¿4, the girth of each graph in GPG(n) is at least 4 (see also [1]),
we can check that |GPG(5)|=4. In Fig. 2, we display these four graphs, along with
L(2; 1)-labelings with span 7 of graphs in Figs. 2c and d.
The graph in Fig. 2a is the 5-prism, which has -number 6 by Theorem 2.6. The
graph in Fig. 2b is the Petersen graph PG, which has -number 9 by virtue of the
following argument: since PG has diameter two, then each of its 10 vertices is assigned
distinct labels by an L(2; 1)-labeling. Hence (PG)¿9. But PGc has a Hamilton path,
so (PG)6|V (PG)| − 1=9; see [3,8].
Combining Lemmas 2.7–2.9 along with the preceding discussion, we obtain the
following theorem.
Theorem 2.10. Let G∈GPG(n). Then (G)=9 if G is isomorphic to PG. Otherwise,
(G)68.
We note that Theorem 2.10 is not the only result in which PG stands alone among
generalized Petersen graphs. Castagna and Prins [2] have shown that all generalized
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Petersen graphs (per their deGnition) except PG have chromatic index of 3 (while
	′(PG)=4).
Although Theorem 2.10 establishes an upper bound of 8 on the -number of gen-
eralized Petersen graphs with the exception of PG, we have not found a generalized
Petersen graph with -number 8. We note that GPG(3) contains only Pr(3), which
has -number 5 by Theorem 2.6. Additionally, GPG(4) contains Pr(4) and the graph
in Fig. 1b, the former of which has -number 6 (again by Theorem 2.6) and the latter
of which has -number 7 by an argument similar to the argument that (PG)=9. The
three members of GPG(5)−{PG}, shown in Figs 2a, c, and d, have already been seen
to have -numbers 67. We next show that every element of GPG(6) has -number
at most 7.
Let G∈GPG(6). We Grst produce a labeling L (not necessarily an L(2; 1)-labeling))
of G by labeling the vertices on the outer cycle in order of ascending subscripts
according to the repeating pattern of 1, 3, 7. Since there exist two vertices on the outer
cycle with label 3, there exists i, 06i62, such that neither vi nor vi+3 is adjacent to
a vertex on the outer cycle with label 3. Thus, we may label the vertices on the inner
cycle with integers 0, 4 and 6, in order of ascending subscripts according to some
repeating pattern, such that L(vi)=L(vi+3)=4. If L is an L(2; 1)-labeling, we are done.
Otherwise, under L, there exists a maximal non-empty collection X of vertices with
label 1, each of which is adjacent to a vertex with label 0, or there exists a maximal
non-empty collection Y of vertices with label 6, each of which is adjacent to a vertex
with label 7. We form an L(2; 1)-labeling by changing the label of each vertex in X
from 1 to 5, and changing the label of each vertex in Y from 6 to 2.
From the above discussion, we have the following.
Theorem 2.11. If G∈GPG(n) with (G)=8, then n¿7.
In closing, we conjecture that not only is there no generalized Petersen graph with
-number 8, but also there is no 3-regular graph with -number 8. Furthermore, we
believe that the Petersen graph is the only connected 3-regular graph with -number 9.
The authors would like to thank the referees for their careful reading of the manu-
script and their helpful suggestions.
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